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Abstract 

We propose an elegant formulation of parafermionic algebra and parasupersymmetry of arbi- 
trary order in quantum many-body systems without recourse to any specific matrix representation 
of parafermionic operators and any kind of deformed algebra. Within our formulation, we show 
generically that every parasupersymmetric quantum system of order p consists of AA-fold super- 
symmetric pairs with J\f < p and thus has weak quasi-solvability and isospectral property. We also 
propose a new type of non-linear supersymmetries, called quasi-parasupersymmetry, which is less 
restrictive than parasupersymmetry and is different from TV-fold supersymmetry even in one-body 
systems though the conserved charges are represented by higher-order linear differential operators. 
To illustrate how our formulation works, we construct second-order parafermionic algebra and three 
simple examples of parasupersymmetric quantum systems of order 2, one is essentially equivalent 
to the one-body Rubakov-Spiridonov type and the others are two-body systems in which two su- 
persymmetries are folded. In particular, we show that the first model admits a generalized 2-fold 
superalgebra. 
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I. INTRODUCTION 



Concept of symmetry has played a central role in the development of modern theoretical 
physics and mathematical science. It may be almost certain that there is an underlying 
symmetry if a system under consideration exhibits a significant property that is not shared 
in general cases. Thus, a discovery of a new symmetry enlarges our ability and possibility 
to describe new phenomena both in the physical nature and mathematical models. Even in 
the case when some physical requirements prohibit any physically relevant model which has 
a certain kind of symmetry, it can motivate us to consider another kind of symmetry. For 
instance, the no-go theorem by Coleman and Mandula which explains the failure of earlier 
attempts to unify the space-time Poincare symmetry and the approximate flavor symmetry 
within a larger Lie algebra, promoted the study of supersymmetric theories. Although the 
latter attempts arrived at another no-go theorem shown by Haag, Lopuszahski, and Sohnius 
[2|, so far there has been, to the best of our knowledge, no other no-go theorems which 
can be applicable to any kind of symmetry outside Lie superalgebra. Indeed, this fact has 
motivated to investigate novel field theoretical models with new kind of symmetry such as 
weak supersymmetry 0], cubic supersymmetry 0,11], and so on. 

Generally speaking, however, it is extremely difficult to construct such a new quantum 
field theory in higher-dimensional space-time. But if some new symmetry can be realized in 
higher-dimensional models, we can always consider it in one space-time dimension, namely, 
in quantum mechanical models. It means that if any quantum mechanical systems cannot 
admit a certain symmetry, nor can quantum field theoretical models (except for such a kind 
of symmetry which becomes trivial only in one dimension). Hence, quantum mechanical 
models provide a good touchstone to examine whether some symmetry has the possibility 
to be realized in higher- dimensional theories. Furthermore, they also provide a toy model 
to investigate non-trivial aspects which one can hardly do in field theoretical models. In 
fact, the latter was the reason why Witten introduced supersymmetric quantum mechanics 
in order to acquire insight into non-perturbative aspects of supersymmetric quantum field 
theory We note that this strategy was also employed in the study of weak supersym- 

metry and it was shown that some field theoretical models with weak supersymmetry in one 
dimension reduces to A/"-fold supersymmetric quantum systems with Af = 2 [3j . 

The research field of A/"-fold supersymmetry in quantum mechanics was initiated as a naive 
higher-derivative generalization of the representation of supercharges Later, its true ap- 
preciation in connection with supersymmetric quantum field theory was given by the proof of 
the equivalence to (weak) quasi-solvability [9]. That is, it was shown that quasi-solvability, 
which is a less restrictive concept than quasi-exact solvability [l(J 11], is a one-dimensional 
analog and, in a sense, a generalization of the perturbative non-renormalization theorems in 
supersymmetric quantum field theory. In fact, this connection naturally explains the disap- 
pearance of leading divergence of perturbation series not only for the ground state but also 
for a finite number of excited states of A/"-fold supersymmetric quantum models, irrespective 



of whether M- fold supersymmetry is dynamically broken or not [12|, [l3fl. We note that it can 



provide an implication in higher- dimensional theories; the connection between weak and M- 
fold supersymmetries implies that characteristic aspects of weak- supersymmetric quantum 
field theory, if exists, have much intimate relation to those of A/"-fold supersymmetric quan- 
tum mechanics. Thus, we can again recognize the importance of investigating symmetry in 
quantum mechanical systems. 

In this article, we would like to focus on parasupersymmetry. It is, roughly speaking, 
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symmetry between bosons and parafermions, and is first proposed in one-body quantum 
mechanics (l4j . However, its characteristic features have been less understood than those 
of A^-fold supersymmetry. One of the reasons stems from the fact that parasupersymmet- 
ric quantum mechanics has been usually formulated in terms of matrix representations of 
parafermions 




Once a spe- 



cific matrix representation is introduced, one can calculate any product of parafermions 
which is not defined in the original parafermionic algebra. As a result, it is difficult to 
appreciate which part of the results is generic and which part of the results depends on 
a specific choice of representations. Another reason is that the mathematical relations 
among parasuperalgebras and various types of deformed oscillator algebras including q- 
deformed ones have attracted much more attention in the recent development of the re- 
search field [l 



Refs. |6l|,|63j) 



54j, 155|, [56|, 153, |58|, |59|, |60|, |6JJ 



63, \6M (see also the references cited in 



Considering the situations described above, we first propose an elegant formulation of 
parafermionic algebra of arbitrary order without recourse to any specific representation of 
parafermionic operators. It does not introduce any new type of operators which do not exist 
in the fermionic case and does not involve any kind of deformed algebra. With the aid of 
solely this algebra, we then formulate parasupersymmetric quantum many-body systems of 
arbitrary order in a generic way and then derive the general aspects of parasupersymmetry. 
In particular, we show generically that every parasupersymmetric quantum systems of order 
p consists of A^-fold supersymmetric pairs with J\f < p. From this result, we propose a 
generalization of parasupersymmetry which we would call quasi-parasupersymmetry. Then 
we examine the second-order case in detail. 

We organize the article as follows. In the next section, we first define parafermionic op- 
erators and a linear space on which they act. Then, we propose postulates of parafermionic 
algebra. In Section IIII| after reviewing the definition of parasupersymmetry, we formulate 
in a generic way parasupersymmetry of arbitrary order in quantum many-body systems 
in terms of the parafermionic operators just defined in Section [Til Using the parafermionic 
algebra, we derive the conditions for the systems under consideration to have parasupersym- 
metry of arbitrary order in terms of component parasupercharges and Hamiltonians. From 
them we show that every parasupersymmetric system consists of A/"-fold supersymmetric 
pairs with M < p and thus has weak quasi-solvability and isospectral property. Observing 
these results, we propose a generalization of parasupersymmetry in Section [IVl Then, to 
see more explicitly how the general formalism developed in Sections [IT] and III 1 1 works, in 
Section [V] we construct systematically parafermionic algebra of order 2 solely based on the 
postulates proposed in Section [III With the aid of this parafermionic algebra of order 2, we 
investigate second-order parasupersymmetric quantum systems and exhibit three simple ex- 
amples of such systems in Section ED Finally in the last section, we summarize and discuss 
the results obtained in this paper and possible future issues. 



II. PARAFERMIONIC ALGEBRA 

First of all, let us define parafermionic algebra of order p(G N). It is an associative algebra 
composed of the identity operator / and two parafermionic operators ip~ and ip + of order p 
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which satisfy the nilpotency: 

(fr/o, (v + )vo, {rr +1 = = o. (2.1) 

Hence, we immediately have 2p + 1 non-zero elements {/, , ?/> _ , . . . , (^ _ ) p ,^ + , . . . , (?/> + ) p }. 
We call them the fundamental elements of parafermionic algebra of order p. Parafermionic 
algebra is characterized by anti-commutation relation {A, B} = AB + BA and commutation 
relation [A, B] = AB — BA among the fundamental elements. When p = 1, the algebra 
must reduce to the ordinary fermionic one: 

{V, r} = ^ + } = o, or, = i. (2.2) 

The nilpotency (12. ip for arbitrary p is a trivial generalization of the first fermionic algebra 
in Eq. (12.21) . Thus, the next problem is how to generalize the second relation in Eq. (12.21) . 
In this paper, we propose the following relation as a generalization of it to arbitrary order 
p: 

+ {(rr, (^ + ) 2 } + • • • + {(rr, (^ + n = pj. (2.3) 

Before proceeding further with defining the algebra, we shall next define parafermionic Fock 
spaces V p of order p on which the parafermionic operators act. The latter space is (p + 1) 
dimensional and its p + 1 bases \k) (k — 0, . . . ,p) are defined by 

V10> = 0, \k) = (^ + ) fc |0), r\k) = \k-l) (k = l,...,p). (2.4) 

That is, ip~ and ip + act as annihilation and creation operators of parafermions, respectively. 
The state |0) is called the parafermionic vacuum. The subspace spanned by each state \k) 
(k = 0, . . . ,p) is called the /c-parafermionic subspace and is denoted by V^. The adjoint 
vector (k\ of each \k) is introduced as a linear operator which maps every vector in V p into 
a complex number as follows: 

(*|1) = <0|(VT)*|1>, (0|/) = (0|(^ + )'|0) = ^ (M = 0,...,p). (2.5) 

By the definitions (12.41) and (12.51) . we immediately have a bi-orthogonal relation: 

(k\l) = 5 k>l (M = 0,...,p). (2.6) 

We can now define a set of projection operators Tl k : V p — ► Vp {k — 0, . . . , p) which satisfy 

p 

u k \i) = 5 k , l \k), n fc n, = <5 fc ,,n fc , J2 Uk = L ( 2 - 7 ) 

k=0 

When p — 1, the projection operators are given in terms of the fermionic operators by 

n = v^ + , n^vty-. (2.8) 

At this stage, however, we do not know how the projection operators are expressed in terms 
of the parafermionic operators for arbitrary order p > 1. From the definitions (12 .4p and 

U k ^ + \l)=U k \l + l) = 6 w \k), 
^j + U k \l) = 5 k ^ + \k) = S ki i\k + 1), 
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and we obtain 

n fc+1 ^ + = v + n fc , (2.9) 

where and hereafter we put Hfc = for all k < and k > p. Similarly, from the definitions 
fl23D and (E77J) . we obtain 

^-n fc+1 = U k tf>-. (2.10) 

We now come back to the parafermionic algebra. Apparently, the relations (12.11) and (12. 3p 
are not sufficient for the determination of the full algebra. To determine other multiplication 
relations we impose the following postulates: 

i. First, the algebra must be consistent with Eq. (12 .4p . This requirement is indispensable 
for defining consistently the parafermionic Fock space V p . When p = 1, for instance, 
we have from the fermionic algebra (12. 2p 

= V"V + |o) = (/ - ^ + V")|o) = |o>, 

thus the algebra is indeed consistent with Eq. (12.41) . 

ii. Every projection operator Uk (k = 0, . . . ,p) can be expressed as a polynomial of the 
fundamental elements of the corresponding order p so that the algebra is consistent 
with the definition (12. 7p . 

iii. Every product of three fundamental elements can be expressed as a polynomial of 
at most second-degree in the fundamental elements. These formulas are called the 
multiplication law. For example, the multiplication law for the fermion operators 
(p = 1) is given by 

^-■0+^-=-0-, i/j+^-if; + = ifj + . (2.11) 

We assume that the relations in Eq. (12.111) hold for parafermionic operators of any 
order p. As a consequence of this assumption, we immediately obtain for all m, n G N 

(VO"V + (VO n = (VO m+n ~\ (^ + )"V~(^ + r = (^ + ) m+n ~\ (2.12) 

which also hold for arbitrary order. 

iv. We also assume that the following relations hold for arbitrary order: 

(V")^ + n p _ 1 = (^-) p - 1 n p _ 1 , v + 0T) p n p = (^-) p " 1 n p . (2.13) 

In the case of p = 1, they are trivial; ip~ip + Uo = Ho and ip + ip~Ui = H\. As we will see 
later, the assumptions (12. lip and (12.131) turn to be crucial for a parasupersymmetric 
condition to make sense in quantum systems. 

We note that every polynomial composed of the fundamental elements can be reduced to a 
polynomial of at most second-degree in them as a consequence of the third postulate and 
the associativity. Hence, together with the second postulate it means in particular every 
projection operators must be expressed as a polynomial of second-degree in the fundamental 
elements. 

Finally, we introduce the quantity of parafermionic degree of operators as follows: 

deg/ = 0, degijj + = 1, deg ip~ = p, (2-14) 
deg AB = deg A + deg B (modp+1). (2.15) 

For example, deg(^ + ) fc = k and deg(^~) fc = p + 1 — k (k — 1, . . . ,p). 



5 



III. PARASUPERSYMMETRY 



Parasupersymmetry of order 2 in quantum mechanics was first introduced by Rubakov 
and Spiridonov [3] and was later generalized to arbitrary order independently by 
Tomiya [35[ and by Khare [36] . A different formulation for order 2 was proposed by Beckers 



and Debergh [19( and a generalization of the latter to arbitrary order was attempted by 
Chenaghlou and Fakhri [52j. Thus, we call them RSTK and BDCF formalism, respectively. 
To define a pth-order parasupersymmetric system, we first introduce a pair of parasuper- 
charges Q ± of order p which satisfy 

(Q-)VO, (Q + f/0, (Q-) p +1 = (Q+) p+1 = 0. (3.1) 

A system H is said to have parasupersymmetry of order p if it commutes with the parasu- 
percharges of order p 

[Q-,H] = [Q + ,H]=0, (3.2) 

and satisfies the non-linear relations in the RSTK formalism 

p p 

^(Q-r fc Q + (Q-) fc = C p {Q-y- l H, ^(Q + r fc Q-(Q + ) fe = C p H{Q + y~\ (3.3) 

k=0 k=0 

or in the BDCF formalism 

[Q~, • ,[Q~, [Q + , Q~]] ■■■] = (-l) p C p (Q-y- l H, (3.4a) 

S «, ' 

(p— 1) times 

[Q+ • • • , [Q + , [Q~, Q + }} ■■■}= C p H{Q + y-\ (3.4b) 

V v ' 

(p— 1) times 

where C p is a constant. An apparent drawback of the BDCF formalism is that the relations 
(13. 4p do not reduce to the ordinary supersymmetric anti-commutation relation {Q~ , Q + } = 
C\H when p = 1, in contrast to the RSTK relation (13.31) . For this reason, we discard 
the BDCF formalism in this paper though its defect may be amended by, e.g., replacing 
all the commutators in (13.41) by anti-commutators, graded commutators [A, B} = AB — 

(_l)degA-degB S ^ and go Qn _ 

An immediate consequence of the commutativity (13. 2p is that each nth-power of the 
parasupercharges (2 < n < p) also commutes with the system H 

[(Q-y,H] = [(Q + y,H} = (2<n<p). (3.5) 

Hence, every parasupersymmetric system H satisfying (13. 2p always has 2p conserved charges. 

To realize parasupersymmetry in quantum mechanical systems, we usually consider a 
vector space $ x V p where $ is a linear space of complex functions such as the Hilbert space 
L 2 in Hermitian quantum theory and the Krein space L\, in "PT-symmetric quantum theory 



65l . |66j. A parafermionic quantum system H is introduced by 

p 

H = J2 H A, (3-6) 



k=0 
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where H k (k = 0, . . . ,p) are scalar Hamiltonians of p variables acting on 

1 P d 2 

Hk = ~2^f^ +Vk(qi,--- ,Q P ) (k = 0,...,p). (3.7) 

i=l * 

Two parasupercharges Q ± are defined by 

v v 

Q~ = J2 W~ n *> <5 + = E <#n fc V + , (3.8) 

fc=0 fc=0 

where (A; = 0, . . . ,p) are first-order linear operators acting on $ 

P Q 

Qk = J ^2w kA (q 1 ,...,q p )— + W k {q 1 ,...,q p ) (k = 0, . . . ,p), (3.9) 



i=l 



and for each k, Q k is given by a certain 'adjoint' of Q~£, e.g., the (ordinary) adjoint Q k = 
(QkY i n the Hilbert space L 2 , the P-adjoint Q k = V{Qt) ] V in the Krein space Lj,, and so 
on. For all k < and k > p we put = 0. When p = 1, the triple (H, Q~, Q + ) defined 
in Eqs. ( 13.61) and (13. 8p becomes 

i 

H = Y, H A = H tP~^ + + H^~, (3.10) 

k=0 
1 

Q- = ^2Qki>-^k = Q^~, (3.11) 

k=0 
1 

Q + = J2Qt^ + = Qt^P + , (3-12) 



k=0 



where Eqs. (12.81) and (12.111) are used, and thus reduces to an ordinary supersymmetric 
quantum mechanical system (6|. The non-linear relation (13.31) together with the nilpotency 
(13. ip for p — 1 are just the anti-commutation relations between supercharges 



{Q ± ,Q ± } = 0, {Q-,Q + } = C 1 H. (3.13) 

Hence, the parasupersymmetric quantum systems defined by Eqs. (I3.1l) - (l3.9p provide a 
natural generalization of ordinary supersymmetric quantum mechanics. 

We next note that the parasupercharges Q ± defined by Eq. (13.81) already satisfy the 
nilpotency (13. ip . This is an immediate consequence of the following formulas: 

v 

(Q~) n = Y.Qk- n+ i---Qk-iQ~k(r) n ^ k (neN), (3.14) 

fc=0 

(Q + ) n = Y,QtQt-i---Q + k-n + ^ + ) n (neN). (3.15) 



k=0 
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These formulas are easily proved by induction. We first note that they are identical with 
the defining equations (13.81) of Q ± when n = 1. Suppose, for instance, Eq. (13.141) holds for 
a natural number n(< p). Then, using Eqs. (12.71) and (12.101) we have, 

(Q-) n+1 = E Qi-n+i ■ ■ ■ Qi--iQiQ k (mr^k 

k,l=0 

= E QT-n+i ■ ■ ■ Q^QTQkirT^i+iKk 

k,l=0 
P 

= E^-n ■ ■ -Qk-2Qk-iQk (^) n+1 n fc . (3.16) 

fc=0 

The latter formula is nothing but Eq. (13.141) with n replaced by n + 1. Thus we have 
completed the proof of the formula (I3.14p . In the same way, we can prove the other formula 
(I3.15p . Then, the nilpotency (13. ip immediately follows from Eq. (12. ip and thus is always 
guaranteed by the definition (13. 8p . 

The commutation relations of H in (13. 6p and Q in (13.81) are calculated with the aid of 
Eqs. (1277]) . ([ZH]), and fT2TTUj) as 

p p 

[Q~,H] = E QkHi^u k Ut - E HtQ-n^-iik 

k,l=0 k,l=0 

p p 
= Y J Qk H k^k -Y, H k-iQk^k, (3.17) 

P P 

[Q + ,H] = E QtmU^+Ui - E H l Q+U l U k ij + 



k,l=0 k,l=0 

p p 



= Y,QtH k -i^ + - E^fc n ^ + - (3-18) 

k=0 k=0 

Hence, the commutativity (I3.2p is satisfied if and only if 

H k -!Q k =Q k H k , QtH k _ 1 = H k Q+, V&=l,...,p. (3.19) 

That is, each pair of H k _\ and H k must satisfy the intertwining relations with respect to 
and Q^. Furthermore, the commutation relations between (Q ) n and H (2 < n < p) 
are similarly calculated by using Eqs. ([H]), <^M>, fl2TTUD . iKWf . and fl3TT5l) as 

p 

i(Q~r, H] = J2 Qk-n+i ■ ■ ■ Qk-iQk H k{iP~) n Rk 



k=0 

p 



- E H K-nQk-n + l ■ ■ ■ Q k ^Q k (r) n ^k, (3.20) 
k=0 

[(Q+r, H] = J2 QtQt-l ■ ■ ■ QLn + lHk-nTlk^ + r 
k=0 

- E HkQtQti ■ ■ ■ Qt n+l ^ + ) n . (3.21) 



fc=0 



8 



Hence, from the commutativity (13.51) any pair of H k _ n and H k (1 < n < k < p) satisfies 

H k ~ n Q k _ n+1 ■ ■ ■ Q k _iQ k = Q k - n+ i ■ ■ ■ Q k -\Q k H k , (3.22a) 

Q k Q k -l ■ ■ ■ Qk-n+l H k-n = H k Q^Q k _ x ■ ■ ■ Qk-. n +i, (3.22b) 

which means that H k _ n and H k constitute a pair of A/"-fold supersymmetry with M = n. 
The relations (13.221) can be also derived by repeated applications of Eq. (I3.19p . Since Af- fold 
supersymmetry is essentially equivalent to weak quasi-solvability [9, 63], parasupersymmetric 
quantum systems also possess weak quasi-solvability. To see the structure of weak quasi- 
solvability in the parasupersymmetric system H more precisely, let us first define 

V- fc = ker(Q-_ n+1 ...Q-), V+ k = ker(Q+ • • • Q+_ n+1 ) (l<n<k<p). (3.23) 
By the definition (13.231) . the vector spaces V^ k for each fixed k are related as 

cV 2 ; t c-c V k>k , V+ c V 2 % c • • • c V+ fc , (3.24) 

On the other hand, it is evident from the intertwining relations (13.221) that each Hamiltonian 
H k (0 < k < p) preserves vector spaces as follows: 

H k V~ k cV~ k (l<n<k), (3.25a) 
H k V+ k+n GV+ k+n (l<n<p-k). (3.25b) 

From Eqs. ( j3.24[) and ( 13.251) . the largest space preserved by each H k (0 < k < p) is given by 

V M + V p + _ fciP (0<k<p). (3.26) 

Needless to say, each Hamiltonian H k preserves the two spaces in Eq. (I3.26P separately. 
The intertwining relations (13.191) and (I3.22j) ensure that all the component Hamiltonians H k 
(k = 0, . . . ,p) of the system H are isospectral outside the sectors V^ k (1 < n < k < p). 
The spectral degeneracy of H in these sectors depends on the form of each component of 
the parasupercharges, Qf (k — 1, . . . , p) , and its structure can be very complicated even in 
the case of second-order, see e.g. Refs. {Siliij. 

In addition to those 'power-type' symmetries, every parasupersymmetric quantum system 
H defined in Eq. (13 .6p can have 'discrete-type' ones. To see it, we first recall the basic fact 
that for each operator O which commutes with the system H, the operator defined by 
[O, Q^] also commutes with H. It is an immediate consequence of the Jacobi identity 

[[0,Q%H] = -\[H,0],Ct\ - [[^fl],0] = 0. (3.27) 

Then, it follows from the intertwining relations (I2.9P and (12.101) that every pth-order para- 
supersymmetric quantum system H commutes with (ip~) n (tfj + ) n and (tp + ) n (tp~) n (n = 
1, • • • ,p), respectively; for instance, 

[h, (<tto + )i = it HM^-n^ + r - J2 H k (r) n ^ + ) n n k 

k=0 k=0 

p—n p—n 

= Y,Hk{rr^k + n^ + T - J2 H ^~T n ^ + r = o. (3.28) 



ifc=0 k=0 
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Hence, if we define 

Qtn } = [{(rr,^ + rhQ% Qf n] = [[(vo^+rwl (n = i,..., P ), (3.29) 

all of Qf n } and Qii commute with H, cf. Eq. (13.271) : 

[Qf n} ,H] = [Qf n] ,H]=0 (n = l,...,p). (3.30) 
Explicitly, those conserved charges are expressed as 

Q{n } = E wwr, (^ + n> ^in*. = E QkWirr, nn, (3.31a) 

fc=0 fe=0 

«{»} = E *n fc [{^-r, (^ + n, Qjj = E QtMurr, (^ + n ^1- (3.31b) 



fc=0 fc=0 



We note, however, that they are in general not linearly independent and we cannot de- 
termine the number of linearly independent conserved charges without the knowledge of 
parafermionic algebra of each order. For n — 1, the conserved charges Qu\ and Qj^ admit 
simpler expressions thanks to the assumption (12.111) : 

p p 

= E (^~) 2 ] n ^ Q[i) = 2< 3~ - EQk{^ + > (^") 2 } n ^ ( 3 -32a) 

k=0 k=0 

P P 

Qh = E QtMr, (^ + ) 2 ], Qti] = E Qt^kH~, (^ + ) 2 } - 2Q+. (3.32b) 

k=0 k=0 

From these expressions, we obtain for p = 1 

Qf 1} = 0, Q W =2Q-, Q+=-2Q+, (3.33) 

and thus there are no new conserved charges in supersymmetric quantum mechanics. As 
we will later show in Section IVI[ in the case of second-order parasupersymmetric quan- 
tum systems they exactly corresponds to the additional charges and symmetry reported in 



Ref. 18 



The non-linear relations (13.31) can be also calculated in a similar way. Using Eqs. (12.71) . 
22D, fl2TT0|) . (ETBI) . (ETB1 . and (15311 . we obtain 

(QTQ+ = Qr • • ■ (r ) p v> + iVi, (3.34) 

(Q-r fc Q + (Q-) fe = E QT-^2-Q^iQt^i 

i=p~i 

xQT- k+1 ---Q7^'T~ k ^ + ^~) k ^i (i<*<p-i), (3.35) 

Q + (Q-y=QiQi • • -g;v + (r) p n p , (3.36) 

(Q-) p - l H = QT- P+ 2 ■ ■ ■ QTMry-^i (P > 2). (3.37) 

J=p-1 
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Employing the assumptions (12.121) and (I2.13p . we conclude that the first non-linear relation 
in Eq. (13.31) is satisfied if and only if the following two identities hold: 

p-i 

Qi ■■■ QpQt + £ <?r ■ ■ ■ Qp- k QUQp-k ■ ■ ■ Qp-i = c pQi ■ ■ ■ Qp-i h p-^ (3.38a) 
fe=i 

p-i 

E • • • Q P - fe+ iQ P + - fc+ iQ P - fc+ i • • • + •••<£ = W • • • q p # P . (s.ssb) 
fe=i 

The conditions for the second non-linear relation in Eq. (I3.3P are apparently given by the 
'adjoint' of Eqs. (I3.38p . Here we see the crucial role played by the formulas (12.121) and (12.131) : 
without them, the non-linear condition H 3 . 3 f) would just lead to the conclusion that every 
component appeared in Eqs. ( I3.34l) -( l3.37l) must vanish separately, which would result in the 
trivial system Q ± = H = 0. Hence, the assumptions (12. lip and (12.131) are indispensable for 
defining non-trivial parasupersymmetric quantum systems. 



IV. QUASI- PARASUPERSYMMETRY 

In the previous section, we have found that every pair of the component Hamiltonians 
possesses A/"-fold supersymmetry with Af < p and thus has isospectral property and weak 
quasi-solvability. However, A/"-fold supersymmetric systems constructed from Af repeated 
applications of first-order intertwining relations as in the present case (cf. Eq. ( I3.19P ) are well 
known to be quite restrictive in comparison with general TV-fold supersymmetric systems 
(see Ref. [70| in the case of type A AA-fold supersymmetry). This naturally explains the fact 
that almost all the parasupersymmetric potentials so far found are shape-invariant types (see 
e.g. Refs. 25, 38, 41, HI)- In this sense, we can say the conditions of parasupersymmetry 



( I3.ip - (I3.3I) are too strong to obtain various non-trivial models having several intriguing 
physical consequences. 

The above observation, if we take into account the fact that the strict first-order intertwin- 
ing relations (I3.19P directly come from the commutation relation (13. 2p . leads us to consider 
a less restrictive condition as follows. With a given pair of parasupercharges Q ± of order 
p which satisfy the nilpotency (13.11) . a system H is said to have quasi-parasupersymmetry 
of order (p,q) if there exists a natural number q (1 < q < p) such that (Q ± ) q commutes 
with H and the non-linear constraint (13.31) is satisfied. That is, it is characterized by the 
following algebraic relations: 

{Q-y ^ 0, (Q + r ± 0, (Q-) p+1 = (Q + ) p+1 = 0, (4.1) 
[(Q-y,H] = [(Q + y, H] = (l<q<p), (4.2) 
J2(Q-) p - k Q + (Q-) k = C^Q-y-'H, J2(Q + y- k Q-(Q + ) k = C p H{Q + y-\ (4.3) 

fc=0 k=0 

By definition, quasi-parasupersymmetry of order (p, q) reduces to (ordinary) parasupersym- 
metry when q — 1. Thus, it can be regarded as a generalization of parasupersymmetry. A 
key ingredient of this new symmetry is that the commutativity [(Q ± ) n , H] = for n < q 
is not necessarily fulfilled in contrast to (ordinary) parasupersymmetry. As a consequence, 
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only the less restrictive gth-order intertwining relations (13.221) with n = q should be satisfied 
between every pair of Hk- q and in the case of quasi-parasupersymmetry of order (p, q). 
The 'power-type' conserved charges in this case are apparently given by 

[(Q~r, H] = [{Q + Y r \ H] = (2 < n < [J]), (4.4) 

where [x] is the maximum integer which does not exceed x, and thus the number of con- 
served charges is reduced to 2[|]. It is evident that parasupersymmetry of order p always 
implies quasi-parasupersymmetry of order (p, q) for all q = 1, . . . ,p. We note, however, that 
quasi-parasupersymmetry of order (p, q) does not necessarily imply that of order (p, q + n) 
with n > 0. This fact can be easily understood from the difference of the conserved charges. 
For examples, the conserved charges in order (p, 2) are (Q ± ) 2 , (Q 1 * 1 ) 4 , ... while those in 
order (p, 3) are (Q ± ) 3 , (Q^) 6 , • • •, and thus they are different symmetries. This observa- 
tion clearly indicates that for every pair of natural numbers 91 and 92 (91,92 < V) quasi- 
parasupersymmetries of order (p, q±) and (p, 92) have common conserved charges (Q ± ) n only 
when n(< p) is a common multiple of 91 and 92. The 'discrete- type' conserved charges (cf. 
Eq. (13.29P ) are similarly defined. 

We note that the components of conserved charges of this symmetry are given by higher- 
derivative linear differential operators and thus it looks like a kind of A/"-fold supersymmetry. 
In particular, the full algebra of quasi-parasupersymmetry of order (p, p) includes 

{(Q-y, (Q-f) = {(Q+f, (Q + ) p } = 0, [(Q ± ) p , H] = 0, (4.5) 

where the components of (Q ± ) p are pth-order linear differential operators, and thus it re- 
sembles A^-fold supersymmetry with Af = p. Indeed, in the case of a single variable the 
anti-commutator {(Q~) p , (Q + ) p } can be expressed as a polynomial of degree p in H (9I. Frij] 
and thus the system exactly coincides with one-body jV-fold supersymmetry with M = p if 
the system admits Hi = ■ ■ ■ = H p -\ = 0. However, the latter cannot be the case in quasi- 
parasupersymmetry due to the first constraint on H p _i in Eq. (I3.38al) . which comes from 
the non-linear constraint (14.3)) . unless the l.h.s. of Eq. (I3.38al) accidentally vanishes. Hence, 
despite the resemblance of algebras and the fact that the conserved charges are represented 
by A/th-order linear differential operators with M = p, quasi-parasupersymmetry provides a 
new type of non-linear supersymmetries which is different from A/"-fold supersymmetry even 
in one-body systems. 

V. PARAFERMIONIC ALGEBRA OF ORDER 2 

In this section, we shall construct parafermionic algebra of order 2 based on the postulates 
in Section [Til The starting point is the relations (12.11) and (12. 3p for p = 2: 

(^") 3 = (^ + ) 3 = 0, (5.1) 
ty" V» + } + {(VT) 2 ,(W = 2I. (5.2) 

First, multiplying (15. 2p by two ^~s as (ib~) 2 x (15.21) . ib~ x (15. 2p xi!j~, and (15.21) x (ib~) 2 . and 
applying the nilpotency (15.11) . we have 

(vovr + f = ^~)\ (5.3a) 

(ilj-) 2 ^ + tlj- + ^j-tfj+itfj-) 2 = 2(V>") 2 , (5.3b) 
^+(Vr) 2 + (V) 2 ^ + ) 2 (V-) 2 = 2(^") 2 . (5.3c) 
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From the above set of equations, we immediately obtain 

(vow- = r^ + {rf = {r) 2 ^ + ) 2 {r? = on 2 , (5.4) 

(V>~)V + (^~) a = 0. (5.5) 

We note that these formulas are consistent with the assumption (I2.12p . Next, multiplying 
(15. 2p by ip + and ip~ as x§572§, ib + x( \h.2\ xib~ . and (15.21) xib + ib~ , and applying the 

nilpotency (15. ip and the formula (15.41) . we have 

?/; + (V0 2 ^ + + ip + il)~ip + if)~ + (ip + ) 2 (ip~) 2 = 2ip + ^p-, (5.6a) 
^ + ip-^ + ip- + (i) + ) 2 (il)-) 2 + i) + (i)-f(i) + ) 2 i)- = 2ip + ip-, (5.6b) 
^"(^ + ) 2 ^" + V + ^~'0 + '0" + i^ + ) 2 i^~f = 2%l) + ^p-. (5.6c) 

From the above set of equations, we obtain 

V> + (V>~) V + = ^ + (^") 2 (^ + )¥" = ?p-(ip + ) 2 ip~. (5.7) 
Multiplying (15.71) by ip~ from left or right, and applying the formula (15.41) . we get 

{rf^ + ?r = wo 2 v> + , r^ + m~) 2 = non 2 - (s.s) 

Next, we multiply Eq. (15. 2p by ip~ from left to have 

(ifj-) 2 ^ + + ip~ip + ip- + V"^) 2 ^") 2 = 2^". (5.9) 
Comparing Eqs. (15. 8p and (I5.9p . and using the assumption (12. lip , we get 

(V") 2 } = ^~ip + i/j~ =ip~. (5.10) 
Finally, multiplying the second formula in Eq. (15.101) by ip + from left and right, we have 

(V> + ) 2 (n) 2 + V + (^") 2 n = i> + ^~, ?/> + (?n 2 n + (n) 2 (<n 2 = ip~ip + . (5.ii) 

Thus, we obtain the following formula: 

V> + (v>~)V" = - (n) 2 (n) 2 = - (v>~) 2 + ) 2 - (5.12) 

The second equality in Eq. (I5.12p can be expressed as 

[Vr,V> + ] = [(V0 2 ,(V> + ) 2 ]- (5-13) 

We note that all the formulas so far derived also hold when all the indices of + and — are 
interchanged since the original algebra (15 .ip and (15. 2p is invariant under the interchange of 
+ and -. Thus, Eqs. fl53J, fl52>D, flESD, floTTUD . and fl5TT2"|) respectively imply 



(^+) 2 ^-^ 4 






f = (n) 2 on 2 on 2 = 


= (V> + ) 2 , 


(5.14) 








on 2 ^- 


h ) 2 = o, 


(5.15) 


on 2 onv 


- = 


2 r, 




-on 2 , 


(5.16) 








tyr, (^,+) 2 } = 


h = n, 


(5-17) 


^~(n) 2 n = 






) 2 (^) 2 = ff-(f) 


2 on 2 . 


(5.18) 
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The fourth formula can be obtained also from Eq. (15. 7p . Summarizing the results, we have 
derived second-order parafermionic algebra as follows: 

(^") 3 = (^ + ) 3 = 0, (5.19) 
tyT , (V;+) 2 } = (^-) 2 } = (5.20) 

{^-,^ + } + {(^-) 2 ,(^ + ) 2 } = 2J, (5.21) 

[r^ + } = [{rf,^ + n (5.22) 

The last two relations (I5.2ip and (I5.22p together imply an important formula 

+ (^+) 2 (^-) 2 = ^ + tfj- + [%l)-f{%l) + f = I. (5.23) 

Classifying the formulas (jCT) . (ISTTUj) . (15TT2]) . and (15TT4]1 - (15TT5|1 with respect to 

parafermionic degrees, we have the following multiplication law for the parafermionic oper- 
ators of order 2: 

• Degree 0: 

(r ) Vfon 2 = o, iW) V = n 1; 

r^ + fr = n 1; (v> + )V _ (^ + ) 2 = o. 

• Degree 1: 

(VOW" = (VO 2 , ^ + (V0 2 (V0 2 = VOVO 2 , 

(V0 2 (V0 2 (V0 2 = (VO 2 , = 

?rvovo 2 = on 2 , on 2 onv~ = (vov~ 

• Degree 2: 

(vo 2 (vo 2 v>- = (vo 2 vo ^onvo 2 = on 2 , 

^rty- = r , (v0 2 (V0 2 (V0 2 = (n) 2 , 

VOV0 2 (VO 2 = n(n) 2 , (vO W + = (^ + ) 2 - 

In the above, Hi is defined by 

III = ^ + ^~ - (V0 2 (V0 2 = - (V0 2 (V0 2 - (5.24) 

As we shall show in what follows, it is indeed the projection operator into the 1-parafermionic 
subspace. From the definition (12.41) and the multiplication law, 

n 1 |o) = (^--(n) 2 (n) 2 )|o) = o, 

rhji) = (nnn - (^ + ) 2 (^-)V + )io> = (v + - wo 2 voio> = |i>, 

ni|2) = (nnO/O 2 - (VO 2 (VO 2 (VO 2 )|0) = (on 2 - 0/O 2 )|o> = o. 

Similarly, the other projection operators IIo and II2 are given by 

n = (n) 2 0/O 2 , n 2 = (V0 2 (V0 2 . (5.25) 
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We can easily check with the aid of the multiplication law and the formula (1 5 . 2 3 1) that the 
operators IT (i = 0, 1, 2) in Eqs. (I5.24p and (I5.25P satisfy the definition (12.71) for p = 2. For 
example, 

n 2 =^+t/>-^ + ^- -^+^-(^+) 2 (^-) 2 

=i) + r _ ^+)\ r y - (^+) 2 (^-) 2 + ^ + f{rf = ni, 

= (^ + ) 2 (^-) a -(^ + ) a (^-) a = o l 

and so on. The intertwining relations (12. 9p and (I2.10p can be easily checked as 

= v + n = ij-(ij + ) 2 , n 2 </> + = ^it = (^ + ) 2 ^", 
V-n x = n ^- = (VOV", ^ _ n 2 = n^r = V + (V0 2 - 

We also note that the second-order parasuperalgebra (I5.19I) - (I5.23I) is consistent with 
Eq. ([23]). From the relations (15T23D and fl5T20D . we have 

VT|1) = ^ + |0> = (/ - (^) 2 (^-) 2 )|0) = |0), 
V"|2> = ^"(^ + ) 2 |0) = (^ + - (^ + ) 2 ^")|0) = |1), 

which are exactly Eq. (12.41) . The assumption (12.131) for p = 2 is also satisfied as 

(?T) Vri! = vrii = v + (^") 2 n 2 = V>~n 2 = ^ + (^~) 2 . 

Therefore, we have confirmed that all the postulates in Section [TT] are fulfilled. Applying 
the algebra and multiplication law, we can derive the trilinear relations which characterize 
parafermionic statistics [ll, 73[ as 

for, r\] = - (V>~) 2 } = V>~, (5-26) 

[^+, for, ^ + ]] = 2^-^ + - tyr , (^ + ) 2 } = V + - (5-27) 



VI. SECOND-ORDER PARASUPERSYMMETRIC QUANTUM SYSTEMS 

We are now in a position to construct second-order parasupersymmetric quantum systems 
by using the second-order parafermionic algebra just derived in the previous section. From 
Eqs. (15.241) . (15.251) . and the multiplication law, the triple (H,Q~,Q + ) in Eqs. (13. 6p and 
(13. 8p for p = 2 is given by 

2 

k=0 

= H (rm + ) 2 + - (^ + ) 2 (^-) 2 ) + # 2 (^ + ) 2 (<n 2 , (e.i) 

2 

Q =J2 Qk^K k = Q^(^-) 2 ^ + + Q^ + (^-) 2 , (6.2) 

fc=0 
2 

Q=J2 Qt^ + = Qti>-{4> + ) 2 + Qt^ + ) 2 r- (6.3) 

k=0 



15 



We recall the fact that the above second-order parasupercharges (16.21) and (16.31) already 
satisfy the nilpotent condition (13.11) for p = 2, (Q~) 3 = (Q + ) 3 = 0, as we have generically 
shown in Section HTT1 

Now that we have had the second-order parafermionic algebra and multiplication law, we 
can reveal the true character of the 'discrete- type' symmetry mentioned in Section IHIl In 
the case of second-order, we can construct eight additional charges Qf n } and Qj^ (n = 1, 2) 
defined by Eq. (I3T2T)]) . Substituting Eqs. (15201) . (15^1j) . and (l5"2oD into Eqs. (13321) and using 
the multiplication law, we have 

Q{i } = -Q{2 } = -Qi^-f^ + + Q 2 ^ + (ip~) 2 , Q m = Q m = Q~, (6.4a) 

Qh = -Qh = Qtr^ + f - Qt(^ + ) 2 i>', Qti] = Qft = -Q + (6.4b) 

Hence, there are essentially two new conserved charges Qm obtained from Q ± by changing 

the relative signs between Qf and Q 2 , respectively. Apparently, they have Z 2 structure and 

that is the reason why we have called them 'discrete-type' symmetries. These conserved 
charges are identical with the ones first found in Ref. [181 ] . 

From Eqs. (13. 19[) and (13.381) . the commutativity (13.21) and the non-linear constraints (13. 3p 
for p = 2 

{Q~) 2 Q + + Q Q + Q + Q + {CT) 2 = C 2 Q H, (6.5a) 

{Q + ) 2 Q~ + Q + Q Q + + Q~{Q + ) 2 = C 2 HQ + , (6.5b) 
hold if and only if the following conditions 

H Qi = Q^H 1} R x Q- 2 = QzH 2 , (6.6) 

QiQ 2 Qt + QlQtQT = C 2 Q^H U (6.7) 

Q2Q2Q2 + Q1QTQ2 = C 2 Q 2 H 2 , (6.8) 

and their 'adjoint' relations 

Q+H Q = Qt H i = H 2 Qt, (6.9) 

QtQiQt + Q 2 QiQt = c 2 H 1 Qt, (6.10) 
QtQtQx + QtQ^Qt = c 2 H 2 Qt, (6.11) 

are satisfied. We note that when a solution to Eq. (16.71) or (I6.10p is given by 

C 2 H 1 = Q+Qi +Q-Q+, (6.12) 

the conditions (16.81) and (16. lip become identical with the second intertwining relations in 
Eqs. (16.61) and (16. 9p . respectively. Thus, in this case it is sufficient to solve the following 
operator identities 

(C 2 H - QiQt)Ql = QiQ 2 Qt, (6.13) 
Q 2 {C 2 H 2 - Q+Q 2 ) = QtQiQ 2 . (6.14) 

In general, we do not need to solve the 'adjoint' conditions. 

For the second-order case, we have one new quasi-parasupersymmetry, namely, that of 
order (2,2). The conditions are given by Eqs. (I6.6p - ()6.1ip . but the first-order intertwining 
relations (16. 6p and (I6.9P are replaced by the second-order intertwining relations 

HoQxQz =QiQ 2 H 2 , Q+Q+H Q = H 2 Q+Q+ . (6.15) 

In the foUowings, we will show three different representations for the system (Hk, Q^) which 
satisfies the condition (I6.6I) - (I6.11I) for second-order parasupersymmetry. 
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A. One- Variable Representation 

First, we shall realize a second-order parasupersymmetric quantum system of one degree 
of freedom. Let us put C 2 = 4 and 

H k = ~d 2 + V k (q), Qt = ±d + W k (q), (6.16) 

where d = d/dq. Substituting Eq. (16.161) into Eq. (16. 7ft . we find that the condition (16. 7ft is 
satisfied if and only if 

A\\ = W[ + W'l - W! 2 + W|. (6.17) 

Hence, the general solution to (16.71) is given by Eq. (I6.12p . In this case we have 

C 2 H - QiQl = -d 2 + AV + W[ - Wl = -d 2 + 2V . (6.18) 

Then, the condition (I6.13P is equivalent to the following set of equations: 

2V = -2W{ -W 2 + W%, (6.19) 

2V ' + 2W x Vo = -W" - W X W 2 + W x Wl. (6.20) 

From them we immediately obtain 

-W 2 + Wl = W[ + Wl + AC, 2V = -W[ + Wl + AC, (6.21) 

where C is a constant. In terms of Hi and Qf they are expressed as 

Q 2 Qt = QtQx + 4C, C 2 H = 2Q^Q+ + AC. (6.22) 

Substituting the first formula in Eq. (16.221) into the condition Eq. (I6.14p . we obtain 

C 2 Q 2 H 2 = 2Q 2 Q+Q 2 - ACQ 2 . (6.23) 

This identity holds if and only if 

2V 2 = W 2 + Wl - 2C. (6.24) 

Hence, we finally obtain 

Ho= l -Q^Qt + C, H x = X -Q\Q- x ^rC= l -Q 2 Q\-C, H 2 = l -Q\Q 2 -C. (6.25) 
This second-order parasupersymmetric system is essentially the same as the one first con- 



structed by Rubakov and Spiridonov in Ref. |14|. We also note that if we put 



W 1 {q) = W{q) + ^, W 2 {q)=W{q)- 1 ^-, (6.26) 



the Hamiltonians H and H 2 are intertwined by 



QtQ ^^ q+wiq) .m^^ +wiq)+ my ( , 27) 

which is exactly the component of type A 2-fold supercharge, and thus they constitute a 
pair of type A 2-fold supersymmetry 67. 7p| . 
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B. Two- Variable Representation I 

If we consider the fact that each parasupercharge of order 2 has two independent compo- 
nents, it would be natural to expect that a second-order parasupersymmetry can be realized 
in quantum systems of two degrees of freedom. For this purpose, we put C 2 = 2 and 

H k = ~df - X -d\ + V k ( qi ,q 2 ), = ±d k + W k ( qi ,q 2 ), (6.28) 

where d k = d/dq k . Substituting Eq. (16.281) into Eq. (16.7j) . we find that the condition (16. 7ft 
is satisfied if and only if 

2V 1 = (d 1 W 1 ) + Wl - (d 2 W 2 ) + Wl (6.29) 

where (dif) = df/dqt and thus the general solution is again given by Eq. ( 16.121) . In this 

case, 

C 2 H - QlQt = ~d\ + 2V Q + (dyWx) - W% = -d 2 2 + 2V , (6.30) 

and the condition (I6.13P is equivalent to the following set of equations: 

(d 2 Wx) = 0, (6.31) 

2V = ~(d 2 W 2 ) + Wl (6.32) 

2(diV ) + 2W 1 V = -Wx{d 2 W 2 ) + W^l (6.33) 

From them we have 

= -(did 2 W 2 ) + (dxW^) = 0. (6.34) 

d\ + 2V 2 - (d 2 W 2 ) - Wl = -d 2 x + 2V 2 , (6.35) 

and the condition (I6.14p is equivalent to the following set of equations: 

{dxW 2 ) = 0, (6.36) 

2V 2 = ifyWx) + Wl, (6.37) 

-2(d 2 V 2 ) + 2W 2 V 2 = (d 1 W 1 )W 2 + WfW 2 . (6.38) 

From them we have 

2{d 2 V 2 ) = (fydiWi) + {d 2 Wl) = 0. (6.39) 
Summarizing the above results, we obtain for the parasupercharges 

Q k t = ±d k + W k (q k ) (k — 1,2), (6.40) 



2{d 1 V ) 

On the other hand, 

C 2 H 2 — Q 2 Q 2 = - 
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and for the Hamiltonians 

H Q = l{QiQt + Q^Qt) 

= ~\dl - \d\ + \ (-Wi( qi ) + W^q,) 2 - Wi(q 2 ) + W 2 {q 2 ) 2 ) , (6.41) 
Hi = \{QtQi+Q2Qt) 

= ~\d\ ~ \d\ + \ (W[{q x ) + W^q,) 2 - W' 2 {q 2 ) + W 2 (q 2 ) 2 ) , (6.42) 
H 2 = ^(QtQi+QtQ 2 ) 

= Afx - \dl + \ (W{( qi ) + W^q,) 2 + Wi{q 2 ) + W 2 (q 2 ) 2 ) , (6.43) 

where Wk (k = 1, 2) are arbitrary different iable functions. Hence, the system consists of two 
independent particles subject to the different external potentials. 



C. Two- Variable Representation II 

To construct a parasupersymmetric interacting two-body system, we put C 2 = 4 and 

H k = -\dl - l -d 2 2 + V k (q 1} q 2 ), (6.44a) 

Qf = ±d 1 Td 2 + W 1 (q 1 ,q 2 ), (6.44b) 

Qf = ±d 1 ±d 2 + W 2 (q 1 ,q 2 ). (6.44c) 

As in the previous two examples, the general solution to Eq. (16.71) is again given by Eq. (16.121) . 
In this case we have 

C 2 H - QiQ+ = -d\ - 2d x d 2 - d 2 2 + W + (ftWi) - {d 2 W 1 ) - W 2 

= -Of - 2d x d 2 - d\ + 2V , (6.45) 

C 2 H 2 - Q+Q 2 = -d 2 + 29^2 - 3\ + AV 2 - (d x W 2 ) - (d 2 W 2 ) - W 2 

= -Of + 2d x d 2 - d\ + 2V 2 . (6.46) 

Then, it is easy to check that the condition (16. 13j) is satisfied if and only if 

{d x W x ) + (3 2 W X ) = 0, (6.47) 

2V = ~{d x W 2 ) - (3 2 W 2 ) + W 2 , (6.48) 

-(dfW 2 ) + (d x W 2 ) + (d 2 W 2 ) - (d 2 W 2 ) = 0. (6.49) 

Similarly, the condition (I6.14p is satisfied if and only if 

{d x W 2 ) - (d 2 W 2 ) = 0, (6.50) 

2V 2 = (d x W x ) - (d 2 W x ) + W 2 , (6.51) 

(d 2 W x ) + (d x W 2 ) - (d 2 2 W x ) + (d 2 W 2 ) = 0. (6.52) 
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We note that Eqs. (16.471) and (16.501) imply Eqs. f)6.52p and f)6.49p . respectively. Summarizing 
the results, we obtain for the parasupercharges 

Qf = ±d 1 Td 2 + W 1 {q 1 - q 2 ), (6.53) 
Qt = ±d 1 ±d 2 + W 2 (q 1 + q 2 ), (6.54) 

and for the Hamiltonians 

H = \(QiQt + Q 2 Qi) 

= -Ul - Ul + ~ (-W{{q-) + W 1 (q.) 2 - W^q + ) + W 2 (q + ) 2 ) , (6.55) 

Hx = \{QiQi + Q 2 Qt) 

= ~\dl ~ \d 2 2 + \ {W{(q„) + W^f - W^(q + ) + W 2 (q + ) 2 ) , (6.56) 

H 2 = \(QtQl + QtQZ) 

= ~\dl ~ \dl + \ (W{(q-) + W 1 (q^) 2 + WZ{q+) + W 2 (q + ) 2 ) , (6.57) 

where q± = q± ± q 2 and Wk (k = 1,2) are arbitrary differentiable functions. Hence, the 
potential terms of the parasupersymmetric system in this case consist of the interactions 
depending only on the relative coordinate qi — q 2 and the external fields acting on the 
center-of-mass coordinate q\ + q 2 . 



D. Summary of the three examples 

In contrast to supersymmetric quantum systems, it is well-known that parasupersym- 
metric ones do not necessarily have non-negative spectrum and do not generically admit a 
generalization of the Witten index. These facts led to consider some additional non-linear 
relations among H and Q^, in particular, some cases where the system H can be expressed 
as a non-negative function of in closed form, see e.g. Refs. H I68L . In the latter cases, 



since the operator H is of parafermionic degree 0, each term in a function of Q ± should 
contain the same number of Q and Q + . In the case of second-order parasupersymmetry, 
non-trivial such monomials of the lowest degree in Q ± are as follows: 

Q-Q+ = QIQ+U + Q-Q+U 1 , (6.58) 
Q + Q~ = QtQiTli + QtQ 2 U 2 . (6.59) 

Similarly, those of the next-to-lowest degree in which cannot be obtained by a function 
of Q~Q + and Q + Q are as follows: 

(Q-) 2 (Q + ) 2 = Q7Q 2 -Q+Q+n , (6.60) 
(Q + ) 2 (Q-) 2 = QiQiQ^Q 2 n 2 . (6.61) 

Owing to the nilpotency (Q ± ) 3 = 0, every function of Q ± which has zeroth parafermionic 
degree can be expressed, in principle, as a function of the monomials (I6.58p - fl6.6ip . 
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Let us now consider the first example in Section IVI Al Using the first relation in 
Eqs. ( 16722]) and f!Q5|) . we obtain 



2(H - C)n + 2(#i + C)ni, (6.62) 

2(Fx - C)ni + 2(# 2 + C)II 2 , (6.63) 

4(# 2 - C 2 )n , (6.64) 

4(# 2 - C 2 )n 2 . (6.65) 

Hence, we can easily find a non-linear relation 

(£T) 2 (Q+) 2 + Q ± {Q T ) 2 Q ± + (Q + ) 2 (Q~) 2 = 4(/f 2 - C 2 ). (6.66) 

It is interesting to note that this non-linear relation can be regarded as a generalization of 
2-fold superalgebra. Indeed, if we restrict the linear space 5 x V 2 on which the system H 
acts to J x (V^ 0) + V^ 2) ) (cf. the definition between Eqs. (J23D and (Q), we have 

{(Q-) 2 , (Q+) 2 } = 4(ff 2 - C 2 )| 5x(v (o, +v ( 2)) . (6.67) 

This, together with the trivial ( ant i-) commutation relations 

{(Q-) 2 , (Q-) 2 } = {(Q+) 2 , (Q+) 2 } = [(Q ± ) 2 , H] = 0, (6.68) 

constitutes a type of 2- fold superalgebra in the sector J x (V 2 + V^). 

In the second and third examples in Sections IVI Bl and IVI C\ the parasupersymmetric 
system H is given by 

c 2 h = (QiQt + Q 2 Qi)n + (g+gr + g 2 g+)n x 

+ (g+gr + g^g 2 -)n 2 . (6.69) 

Here we can observe a different situation from the previous one-body case. Since no- 
component of the system H has the term Q2Q21 n -component of H n always includes 
the term {Q^Qt)™- However, the latter term in n -component cannot be reproduced by 
any function of the operators in Eqs. (I6.58p -( l6.6ip . The same is true for the term Q1Q1 in 
n 2 -component. Hence, in the second and third cases we cannot express any function of H 
in terms of Q^. 

Finally, we note that for all the choices (16.16!) . (16.281) . and ( 16.441) in the three examples, 
quasi-parasupersymmetry of order (2, 2) does not produce any new result over parasuper- 
symmetry of order 2. The reason is that in all the three cases the solution to the non-linear 
constraint (16.71) is given by Eq. (I6.12p . In this case, as we have already mentioned previously, 
the other non-linear constraint (16. 8p is identical with the first-order intertwining relation be- 
tween Hi and H 2 , namely, the second relation in Eqs. ( 16.61) and (16.9p . As a result, the 
condition (I6.15P for quasi-parasupersymmetry is equivalent to 

H0Q1Q2 = Q- x E x Q- 2 , QjQlH = Q+HxQt, (6.70) 

which is very close to the first relation in Eqs. (16.61) and (16.9j) . Hence, in most of second-order 
cases, quasi-parasupersymmetry would be identical to parasupersymmetry. 



Q Q + = 
QQ = 

(Q-) 2 (Q + ) 2 = 
(Q + ) 2 (Q-) 2 = 
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VII. DISCUSSION AND SUMMARY 



In this article, we have proposed the systematic construction of parafermionic algebra and 
parasupersymmetric quantum systems. Assuming relatively small number of assumptions, 
namely, Eqs. (12.31) . (12.111) . and (12.131) in addition to the nilpotency (12. ip . we have shown 
that we can systematically construct the full set of parafermionic algebra and multiplication 
law, at least for second order, which are totally independent of any specific representation 
of parafermionic operators. 

With the aid of the parafermionic algebra, we have formulated in the generic way para- 
supersymmetric quantum systems. Remarkably, we have shown that all the parasupersym- 
metric conditions, namely, the commutation relations (13. 2p and the non-linear relations (13. 3p 
can be expressed in closed form in terms of the component scalar Hamiltonians Hk and the 
component parasupercharges . From those expressions we have found that every pair of 
the component Hamiltonians possesses A/"-fold supersymmetry with M < q and thus has 
isospectral property and weak quasi- solvability. This means in particular that parasuper- 



symmetric quantum field theory (for some attempts of construction, see, e.g., Refs. [74 l75j). 
if exists, should have characteristic features analogous to those of A/"-fold supersymmetry, as 
in the case of weak supersymmetry (cf. Section [T]). The fact that the parasupersymmetric 
condition is too strong has naturally led us to the generalization of parasupersymmetry, 
which we have called quasi-parasupersymmetry. 

We have investigated second-order parasupersymmetric quantum systems in detail and 
exhibited the three simple examples of such systems, the first one is essentially equiva- 
lent to the original one-body system in Ref. 14| and the others are two-body systems in 
which two independent supersymmetries are folded. In particular, we have shown that the 
first model admits a generalization of 2-fold superalgebra. In all the three models, quasi- 
parasupersymmetry is equivalent to parasupersymmetry. 

Constructions of higher-order parafermionic algebra and (quasi-) parasupersymmetric 
quantum systems are straightforward. An extensive study of higher-order cases would be 
reported in a subsequent publication (76| . 

In this article, we have restricted ourselves to ordinary Schrodinger operators (13. 7p as rep- 
resentations of parasuperalgebra, there are of course other possible applications in various 
areas of physics and mathematical science. One of them is the application to quantum sys- 
tems with position-dependent mass (PDM) described generically by von Roos operators [77J ■ 
It would be straightforward since A/"-fold supersymmetry has been already successfully for- 
mulated also for PDM quantum systems [78|. For instance, we can generalize the second 
example of second-order parasupersymmetry in Section IVI Bl to PDM two-body quantum 
systems by choosing the component parasupercharges as 

*fc ™ r„ \-i ( . 9 , („ \ m 'k(Qk) 



As we have mentioned in Section [J there have been various formulations of parasuper- 
symmetry. Thus, it would be interesting and important to examine the relationship among 
them including the present formulation. 

A generalization of the present formulation to several parafermionic variables 
(ipi , ...,?/>", ipi , ... , tpn) i s a challenging problem. The nilpotency (12. ip can be trivially 
generalized as {ip^) p+1 = (?A + ) P+1 = for all i — 1, . . . , n. A naive generalization of the 
fermionic anti-commutation relation = which reduces to Eq. (12. 3p when 
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n — 1 may be 

{c, m + {(o 2 , (^ + ) 2 } + • • • + mr, = pm- (7.2) 

It would be interesting to examine whether this kind of generalization to several 
parafermionic variables works well. 

Acknowledgments 

We would like to thank C. Quesne for the valuable discussion in the earliest stage of the 
project. This work was partially supported by the National Cheng-Kung University under 
the grant No. OUA:95-3-2-071. 



S. Coleman and J. Mandula, Phys. Rev. 159 (1967) 1251. 

R. Haag, J. T. Lopuszariski, and M. Sohnius, Nucl. Phys. B 88 (1975) 257. 

A. V. Smilga, Phys. Lett. B 585 (2004) 173. hep-th/0311023. 

N. Mohammedi, G. Moultaka, and M. R. de Traubenberg, Int. J. Mod. Phys. A 19 (2004) 
5585. hep-th/0305172. 

G. Moultaka, M. R. de Traubenberg, and A. Tanasa, Int. J. Mod. Phys. A 20 (2005) 5779. 
hep-th/0411198. 

E. Witten, Nucl. Phys. B 188 (1981) 513. 
E. Witten, Nucl. Phys. B 202 (1982) 253. 

A. A. Andrianov, M. V. Ioffe, and V. P. Spiridonov, Phys. Lett. A 174 (1993) 273. hep- 
th/9303005. 

H. Aoyama, M. Sato, and T. Tanaka, Nucl. Phys. B 619 (2001) 105. quant-ph/0106037. 
A. V. Turbiner and A. G. Ushveridze, Phys. Lett. A 126 (1987) 181. 

A. G. Ushveridze, Quasi-exactly Solvable Models in Quantum Mechanics (IOP Publishing, 
Bristol, 1994). 

H. Aoyama, H. Kikuchi, I. Okouchi, M. Sato, and S. Wada, Nucl. Phys. B 553 (1999) 644. 
hep-th/9808034. 

M. Sato and T. Tanaka, J. Math. Phys. 43 (2002) 3484. hep-th/0109179. 

V. A. Rubakov and V. P. Spiridonov, Mod. Phys. Lett. A 3 (1988) 1337. 

J. Beckers and N. Debergh, Mod. Phys. Lett. A 4 (1989) 1209. 

J. Beckers and N. Debergh, Mod. Phys. Lett. A 4 (1989) 2289. 

S. Durand and L. Vinet, Mod. Phys. Lett. 4 (1989) 2519. 

S. Durand and L. Vinet, Phys. Lett. A 146 (1990) 299. 

J. Beckers and N. Debergh, Nucl. Phys. B 340 (1990) 767. 

J. Beckers and N. Debergh, J. Phys. A: Math. Gen. 23 (1990) L751S. 

S. Durand and L. Vinet, J. Phys. A: Math. Gen. 23 (1990) 3661. 

J. Beckers and N. Debergh, J. Phys. A: Math. Gen. 23 (1990) L1073. 

J. Beckers and N. Debergh, J. Math. Phys. 31 (1990) 1513. 

U. Merkel, Mod. Phys. Lett. 5 (1990) 2555. 

J. Beckers and N. Debergh, Z. Phys. C 51 (1991) 519. 

J. Beckers and N. Debergh, J. Math. Phys. 32 (1991) 1808. 



23 



J. Beckers and N. Debergh, J. Math. Phys. 32 (1991) 1815. 

U. Merkel, Mod. Phys. Lett. A 6 (1991) 199. 

A. A. Andrianov and M. V. Ioffe, Phys. Lett. B 255 (1991) 543. 

V. V. Semenov and S. M. Chumakov, Phys. Lett. B 262 (1991) 451. 

V. P. Spiridonov, J. Phys. A: Math. Gen. 24 (1991) L529. 

V. Spiridonov and L. Vinet, Phys. Rev. D 44 (1991) 3986. 

S. Durand, M. Mayrand, V. Spiridonov, and L. Vinet, Mod. Phys. Lett. A 6 (1991) 3163. 
A. A. Andrianov, M. V. Ioffe, V. P. Spiridonov, and L. Vinet, Phys. Lett. B 272 (1991) 297. 
M. Tomiya, J. Phys. A: Math. Gen. 25 (1992) 4699. 
A. Khare, J. Phys. A: Math. Gen. 25 (1992) L749. 
A. Khare, J. Math. Phys. 34 (1993) 1277. 

J. Beckers, N. Debergh, and A. G. Nikitin, Mod. Phys. Lett. A 8 (1993) 435. 

A. Khare, A. K. Mishra, and G. Rajasekaran, Mod. Phys. Lett. A 8 (1993) 107. 

J. Beckers, N. Debergh, and A. G. Nikitin, J. Phys. A: Math. Gen. 26 (1993) L853. 
F. Cooper, A. Khare, and U. Sukhatme, Phys. Rep. 251 (1995) 267. hep-th/9405029. 

B. Bagchi and P. K. Roy, Phys. Lett. A 200 (1995) 411. 

B. Bagchi, S. N. Biswas, A. Khare, and P. K. Roy, Pramana 49 (1997) 199. hep-th/9505041. 
M. A. Jafarizadeh and H. Fakhri, Ann. Phys. 262 (1998) 260. 
M. A. Jafarizadeh and H. Fakhri, Ann. Phys. 266 (1998) 178. 

M. A. Jafarizadeh and S. K. Moayedi, J. Math. Phys. 40 (1999) 4274. hep-th/9904166. 
H. Fakhri, Phys. Lett. A 265 (2000) 20. 

H. Fakhri and M. A. Jafarizadeh, J. Math. Phys. 41 (2000) 505. 

A. Mostafazadeh and K. A. Samani, Mod. Phys. Lett. A 15 (2000) 175. hep-th/0003108. 
K. A. Samani and A. Mostafazadeh, Nucl. Phys. B 595 (2001) 467. hep-th/0007008. 

B. Bagchi, S. Mallik, and C. Quesne, Int. J. Mod. Phys. A 17 (2002) 51. quant-ph/0106021. 
A. Chenaghlou and H. Fakhri, Int. J. Mod. Phys. A 18 (2003) 939. hep-th/0203240. 

A. T. Filippov, A. P. Isaev, and A. B. Kurdikov, Mod. Phys. Lett. 7 (1992) 2129. hep- 
th/9204089. 

J. Beckers and N. Debergh, J. Phys. A: Math. Gen. 26 (1993) 4311. 

N. Debergh, Mod. Phys. Lett. A 8 (1993) 765. 

K. N. Ilinski and V. M. Uzdin, Mod. Phys. Lett. 8 (1993) 2657. 

C. Quesne, Phys. Lett. A 193 (1994) 245. 

J. Beckers, N. Debergh, and C. Quesne, Helv. Phys. Acta 69 (1996) 60. hep-th/9604132. 

M. S. Plyushchay, Nucl. Phys. B 491 (1997) 619. hep-th/9701091. 

C. Quesne and N. Vansteenkiste, Phys. Lett. A 240 (1998) 21. quant-ph/9802066. 

C. Quesne and N. Vansteenkiste, Int. J. Theor. Phys. 39 (2000) 1175. math-ph/0003025. 

C. Quesne and N. Vansteenkiste, Mod. Phys. Lett. A 17 (2002) 839. math-ph/0203036. 

M. Daoud and M. Kibler, Int. J. Quant. Chem. 91 (2003) 551. math-ph/0110031. 

M. Daoud and M. Kibler, Phys. Lett. A 321 (2004) 147. math-ph/0312019. 

T. Tanaka, J. Phys. A: Math. Gen. 39 (2006) L369. hep-th/0603096. 

T. Tanaka, J. Phys. A: Math. Gen. 39 (2006) 14175. hep-th/0605035. 

T. Tanaka, Nucl. Phys. B 662 (2003) 413. hep-th/0212276. 

A. Mostafazadeh, Int. J. Mod. Phys. A 11 (1996) 1057. hep-th/9410180. 

A. Mostafazadeh, Int. J. Mod. Phys. A 12 (1997) 2725. hep-th/9603163. 

H. Aoyama, M. Sato, and T. Tanaka, Phys. Lett. B 503 (2001) 423. quant-ph/0012065. 

A. A. Andrianov and A. V. Sokolov, Nucl. Phys. B 660 (2003) 25. hep-th/0301062. 



24 



[72] H. S. Green, Phys. Rev. 90 (1952) 270. 

[73] Y. Ohrmki and S. Kamefuchi, Quantum Field Theory and Parastatistics (Springer, New York, 
1982). 

[74] R. Floreanini and L. Vinet, Phys. Rev. D 44 (1991) 3851. 

[75] J. Beckers and N. Debergh, Int. J. Mod. Phys. A 8 (1993) 5041. 

[76] T. Tanaka. Parasupersymmetry and A/"-fold supersymmetry in quantum many-body systems 

II. Third order. Preprint, hep-th/0612263. 
[77] O. von Roos, Phys. Rev. B 27 (1983) 7547. 

[78] T. Tanaka, J. Phys. A: Math. Gen. 39 (2006) 219. quant-ph/0509132. 



25 



